We study singularities of surfaces which are given by Kenmotsu-type formula with prescribed unbounded mean curvature.
Introduction
In [14] , Kenmotsu gave a formula which describes surfaces in the Euclidean 3-space by prescribed mean curvature and Gauss map. Furthermore, it is generalized to the Lorentz-Minkowski 3-space ( [1, 18] ). These formulas are considered important in Euclidean or Lorentzian surface theory. A coordinate free formula of the formula is obtained by Kokubu ([15] ).
On the other hand, in the recent decades, there are several articles concerning differential geometry of singular curves and surfaces, namely, curves and surfaces with singular points, in the 2 and 3 dimensional Euclidean spaces [4, 5, 6, 8, 9, 10, 19, 21, 22, 23] . Especially, wave fronts (fronts) is a class of surfaces with singularities, where the unit normal vector is well-defined even on the set of singular points. If a surface f has a singularity, the mean curvature H may diverge. In the case that f is a front, behaviors, in particular boundedness of H near singular points are investigated in [23] and [19] .
It is natural to expect that there is a formula which describes singular surfaces by unbounded mean curvature and Gauss map. In this note, we construct a Kenmotsutype formula for singular surfaces of prescribed unbounded mean curvature and Gauss map by a little modification of Kokubu's formula. Furthermore, we study singularities of these surfaces and their geometric invariants.
Fronts, their geometric invariants and Kossowski metric 2.1 Fronts and their mean curvatures
holds identically, where , is the Euclidean inner product on R 3 . A frontal is a front if the pair (f, ν) is an immersion. We call the function det(f u , f v , ν) the signed area density function, and a function is called singularity identifier if it is a non-zero functional multiple of the signed area density function. A cuspidal edge is a map-germ (R 2 , p) → (R 3 , 0) at p which is A-equivalent to the map-germ (u, v)
) is called a cuspidal lips (respectively, cuspidal beaks). These mapgerms are fronts and it is known that the generic singularities of fronts are cuspidal edges and swallowtails. Furthermore, cuspidal butterflies, cuspidal lips and beaks in addition above two are the generic singularities of one-parameter families of fronts ( [2] ).
Let f : (R 2 , p) → (R 3 , 0) be a front-germ and ν the unit normal vector field. The set of singular points of f is denoted by S(f ). A singular point p of f is said to be of corank one if rank df p = 1. Let p be a corank one singular point of a front f . Then there exists a non-zero vector field η near p such that η(q) generates the kernel of df q for any q ∈ S(f ). We call η the null vector field. A singular point p of f is non-degenerate if dλ(p) = 0, where λ is a singularity identifier. Otherwise, it is degenerate. Let p be a nondegenerate singular point. Then there exists a regular curve-germ γ : (R, 0) → (R 2 , p) such that the image of γ coincides with S(f ). One can easily see that a non-degenerate singular point is corank one. Thus the restriction of the non-zero vector field η| S(f ) near p can be parameterized by the parameter t of γ. We set
A non-degenerate singular point is said to be of the first kind if ϕ(0) = 0, and a non-degenerate singular point is said to be of the k-th kind if ϕ(0) = 0, ϕ (j) (0) = 0 (j = 1, . . . , k − 2), and ϕ (k−1) (0) = 0. Then the following fact holds. [11, Corollary A.9] ). Let p be a non-degenerate singular point of a front f . Then
• f at p is a cuspidal edge if and only if p is a singular point of the first kind.
• f at p is a swallowtail if and only if p is a singular point of the second kind.
• f at p is a cuspidal butterfly if and only if p is a singular point of the third kind.
On the other hand, cuspidal lips and beaks are examples which are degenerate singularities. The following fact holds. • f at p is a cuspidal beaks if and only if det Hess λ(p) < 0 and ηηλ(p) = 0, where η is a null-vector field, and λ is a singularity identifier.
For a front f , the mean curvature H diverges near singular points. Furthermore, the following fact is known. For degenerate singularities with some conditions, which include the cuspidal lips and beaks, we have the same statement.
Proposition 2.4. Let p be a corank one singular point of a front f , satisfying dλ p = 0, where λ is a singularity identifier. ThenĤ = λH is a C ∞ -function near p, and
Proof. Since p is corank one, we may assume that f has the form
Then we see that we can take ∂ v as a null vector field, and the unit normal vector ν = (ν 1 , ν 2 , ν 3 ) satisfies ν 1 (p) = 0. Thus, we may further assume that
We set g(u, v) = (0, 1, l(u, v)) and q(u, v) = (f 2 ) v (u, v). Then the first fundamental matrix I and the second fundamental matrix II are
Hence the mean curvature can be computed as
where * stands for a function which is not necessary in the later calculations. Since
and det f u , g, ν (p) = ν 3 (p) = 0, we see that q is a singularity identifier. Thus, the first assertion is shown. By (2.1), to show the second assertion, showing g, ν v (p) = 0 is enough. Since det(f u , g, ν)(p) = 0, the vectors f u (p), g(p), ν(p) form a basis of R 3 , and by f u , ν v (p) = f v , ν u (p) = 0 and ν, ν v (p) = 0, we see that g, ν v (p) = 0 is equivalent to ν v (p) = 0. Since f at p is a front and f v (p) = 0, we get ν v (p) = 0.
Geometric invariants of fronts
Here we review the known geometric invariants of cuspidal edges and swallowtails. Cuspidal edge is a non-degenerate singular point and several geometric invariants are defined and studied. Let f : (R 2 , p) → (R 3 , 0) be a front, and ν the unit normal vector.
Definition 2.5. Let p be a non-degenerate singular point. A positively oriented coordinate system (u, v) centered at p is said to be u-singular
holds. Let p be a singular point of the first kind. A u-singular coordinate system (u, v) is said to be strongly adapted if the null vector on S(f ) is ∂ v .
Existence of u-singular and strongly adapted coordinate systems are easily shown. We assume that (u, v) is a strongly adapted coordinate system. We set
All these functions are differential geometric invariants, and κ s is called the singular curvature, κ ν is called the limiting normal curvature, κ t is called the cuspidal torsion (cusp-directional torsion), and κ c is called the cuspidal curvature. See [23, 19, 20] for detail. Next we assume that p is a singular point of the k-th (k ≥ 2) kind. We take a u-singular coordinate system (u, v). Since p is a singular point of the k-th (k ≥ 2) kind, ∂ u is a null vector at p. We set
The constant µ c is called the normalized cuspidal curvature, and it relates the boundedness of the mean curvature. The constant τ s is called the limiting singular curvature, and it measures the wideness of the cusp of the swallowtail. See [19, Section 4] for detail.
Kossowski metric
Let f : (R 2 , p) → (R 3 , 0) be a front-germ. Then the induced metric f * , on R 2 is positive semi-definite. An intrinsic formulation of this metric is called the Kossowski metric and studied [17, 7] . Let g be a positive semi-definite metric-germ at p ∈ R 2 . A point q is called a singular point of g if g(q) is not positive definite. The set of singular points of g is denoted by S(g). For a singular point q ∈ S(g), the subspace
is called the null space at q, and a non-zero vector in N q is called null vector at q. A singular point q of g is said to be corank one if the dimension of N q is one. If q is of corank one, then there exists a non-zero vector field η such that η is a generator of N q if q ∈ S(g). We call η a null vector field.
Definition 2.6 ([7, Section 2])
. (1) The metric g is admissible if there exists a coordinate system (u, v) on U such that
hold on S(g), where Let p be a non-degenerate singular point. Like as the case of fronts, we give the following definition. There exists a regular curve-germ γ : (R, 0) → (R 2 , p) such that the image of γ coincides with the set of singular point S(g), and there exists a non-zero vector field η near p such that η(q) is a null vector. We set
A non-degenerate singular point is called an A 2 -point if ψ(0) = 0, and a non-degenerate singular point is called an A k -point if ψ(0) = 0, ψ (j) (0) = 0 (j = 1, . . . , k − 3), and ψ (k−2) (0) = 0. Let p be a corank one singular point of the frontal metric g. Then a singular point q of g is called Morse type if dλ q = 0 and det Hess λ(q) = 0 and ηηλ(q) = 0, where λ is the function defined in Definition 2.6, (2.5). We remark that the condition of Morse type has an additional condition ηηλ(q) = 0 not only λ has a Morse type critical point at p.
Kenmotsu type formula for singular surfaces 3.1 Kenmotsu type formula
With the terminology in Section 2.3, we give a Kenmotsu type formula following Kokubu [15] . Let U ⊂ R
2 be an open set, and g be a positive semi-definite metric on U. Set E, F and G as in (2.4) for a coordinate system (u, v). We assume that g is a frontal metric, and take a function λ defined by (2.5). Although λ has two choices, in what follows we fix one of them. Let H : U \ S(g) → R \ {0} be a C ∞ -function which satisfies that 1
for a non-zero functionĤ. Let ν : U → S 2 = {X ∈ R 3 | |x| = 1} be a unit vector valued function. We assume g is of corank one at p. Let η be a null vector of g at p.
The pair (g, ν) is called a front pair if
It is easy to see that if g is a induced metric of a front f and ν is its unit normal vector, then (g, ν) is a front pair. Let U ⊂ R 2 be an open set. For a given frontal metric g on U satisfying any singular point is corank one, a C ∞ function H : U \ S(g) → R \ {0} satisfying (3.1), and a C ∞ map ν : U → S 2 , satisfying the integrability condition
and that (g, ν) is a front pair, we set
Then we claim that f is a front U → R 3 whose mean curvature on the set of its regular points coincides with H, the Gauss map is ν, and the induced metric f * ( , ) is proportional to g. In fact, since
ν gives the unit normal vector. Setting and
we have
Thus, we get
on the set of non-singular points, and
Hence the proof of the claim is reduced to showing the following lemma.
Lemma 3.1. If (g, ν) is a front pair, then X does not vanish at p.
Proof. Since g is a corank one metric, we may take a local coordinate system (u, v) near p satisfying F (p) = G(p) = 0 and E(p) = 0. Under this coordinate system, η p = ∂ v is a null vector at p. Since λ(p) = 0 holds, 2λD + GP − 2F Q + ER = 0 at p if and only if E(p)R(p) = 0, and R(p) = 0 is equivalent to ν v (p) = 0.
Hence if (g, ν) is a front pair, then we can take λ as the singularity identifier for f . Thus by Facts 2.1 and 2.2, we have the following characterization of singularities of f . Proposition 3.2. Let g be a frontal metric on a neighborhood U of p ∈ R 2 , λ a function defined by (2.5), and let H be a function satisfying (3.1). Let ν be a unit vector valued map and (g, ν) is a front pair. We assume that g, H, ν satisfies the integrability condition (3.3) and f is as in (3.4) . Then p is a singular point of the k-th kind of f if and only if p is an A k+1 -type singular point of g (k = 1, 2, . . .). In particular,
• f at p is a cuspidal edge if and only if p is an A 2 point of g,
• f at p is a swallowtail if and only if p is an A 3 point of g,
• f at p is a cuspidal butterfly if and only if p is an A 4 point of g.
Moreover, f at p is a cuspidal lips or a cuspidal beaks if and only if p is a singular point of Morse type.
Since the function λ defined by (2.5) has the plus-minus ambiguity. Hence by (3.4), the surface f also has two possibilities, say f + and f − , for a semi-definite metric g and single H, ν. In this case, considering (u, −v) instead of (u, v), then we see that −λ satisfies the integrability condition, and the resulting surface f − (u, v) coincides with f + (u, −v).
Invariants of cuspidal edge
In this section, we calculate geometric invariants of f for the case that f is a cuspidal edge. We take g, H, ν satisfying the assumption of Proposition 3.2, and fix a function λ defined by (2.5). Let f be the front as in (3.4) . We assume further that p is a singular point of the first kind of f , namely, f at p is a cuspidal edge. Similar to Definition 2.5, we define coordinate systems. Definition 3.3. Let p be a non-degenerate singular point of a metric g. A positively oriented coordinate system (u, v) is said to be u-singular if S(g) = {(u, v) | v = 0} holds. Let p be an A 2 -type singular point. A u-singular coordinate system (u, v) centered at p is said to be strongly adapted if the null vector on S(g) is ∂ v .
See [7, Section 2] for existence of a strongly adapted coordinate system. Then we have the following proposition Proposition 3.4. Let p be an A 2 -type singular point, and (u, v) a strongly adapted coordinate system. Then the invariants κ ν , κ s , κ c and κ t can be calculated as
Here, E, F, G are defined as in (2.4), and P, Q, R, D are defined as in (3.6).
Proof. Since (u, v) is a strongly adapted coordinate system, it holds that f v = 0 on the u-axis. Thus F = G = 0 and F u = G u = G v = 0 on the u-axis, and λ is a non-zero functional multiplication of v. So, λ = λ u = 0 on the u-axis. We set 1/Ĥ = a. Firstly we consider κ ν and κ s of f . It holds that f u = −aEν × ν v on the u-axis. So,
on the u-axis. Since
and F u = 0 on the u-axis, we have
on the u-axis. Thus by (3.11) and (3.12), we have κ ν (u) = −D/(aER), and it proves (3.7). Furthermore, since
on the u-axis. Therefore,
and it proves (3.8).
Next we consider κ c . By direct calculations, we have
So,
on the u-axis. Therefore, it holds that
on the u-axis. Noticing that R = − ν, ν vv , we have
On the other hand, by (3.11) and (3.15), it follows that
on the u-axis. Hence we obtain
which proves (3.9). Next we consider κ t . Since
using (3.12), (3.15) , and noticing that Q = − ν, ν uv , we obtain
on the u-axis. By (3.11),(3.15), (3.16), (3.17) and (3.18), we have
On the other hand, by the integrability condition, we have
on the u-axis. Taking the inner product with ν v , we have
This equation together with (3.19) proves the assertion.
We have the following corollary. The curve f (u, 0) is a plane curve if and only if
Proof. We setγ = f (γ). Since the curvature κ ofγ as a space curve satisfies κ 2 = κ 
Bounded of Gaussian curvature case
In this section we study the case f has the bounded Gaussian curvature. According to [19, Corollary 3.12 ] (see also [23, Theorem 3 .1]), it is equivalent to κ ν = 0 on the singular set. We assume that (U, u, v) be an adapted coordinate system. By Proposition 3.4, κ ν = 0 if and only if D = 0. Since f is a front, it is equivalent to that ν u is parallel to ν v , say ν u = αν v on the u-axis. If D v = 0 and α = 0, then ν is a fold. Here, we shall see the case α = 0. This implies that ν u = 0, and by the integrability condition, det(ν, ν v , ν vv ) = 0 at the origin. Then by Proposition 3.4, κ t = 0 at the origin. Furthermore, κ s = 0 if and only if D v = ηD = 0 at the origin.
Invariants of swallowtail
In this section, we calculate geometric invariants of f for the case that f is a singular point of the k-th kind (k ≥ 2). We take g, H, ν satisfying the assumption of Proposition 3.2, and fix a function λ defined by (2.5). Let f be the front as in (3.4) . We assume further that p is an A k+1 -type singular point of g (k ≥ 2). We take a u-singular coordinate system centered at p. Then we have the following proposition.
Proposition 3.6. The invariants µ c and τ s (k = 2) can be calculated as
21) 22) where P and D are functions as in (3.6).
Proof. Since (u, v) is a u-singular coordinate system, we see E = F = E u = E v = λ u = 0 at p. Since
Thus we have f uv (p) = 1
Then by (3.5) and (2.2), we have (3.21). Next, by direct calculations, we have
H(p) (F uu (p)(ν × ν u )(p) + 2F u (p)(ν × ν uu )(p) − E uu (p)(ν × ν v )(p)).
Then by (2.3), we have (3.22) .
